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CONVERGENCE OF DOUBLE FOURIER SERIES
AND W-CLASSES

M. I. DYACHENKO AND D. WATERMAN

ABSTRACT. The double Fourier series of functions of the generalized bounded
variation class {n/In(n + 1)}*BV are shown to be Pringsheim convergent
everywhere. In a certain sense, this result cannot be improved. In general,
functions of class A* BV, defined here, have quadrant limits at every point and,
for f € A* BV, there exist at most countable sets P and @ such that, for x ¢ P
and y ¢ Q, f is continuous at (z,y). It is shown that the previously studied
class ABV contains essentially discontinuous functions unless the sequence A
satisfies a strong condition.

1. INTRODUCTION

A remarkable variety of definitions of bounded variation have been given for
functions of two variables. Here we will discuss generalizations of these definitions
along the lines of the notion of A-bounded variation (ABV') in one variable intro-
duced by Waterman. He used it to extend the Dirichlet-Jordan theorem, and we
will investigate the analogous problem for double Fourier series.

For an excellent discussion of ABV and its relation to other generalizations
of bounded variation, see Avdispahi¢ [I]. For applications to summability and
Tauberian theorems, see [2] 8] [LI1].

Definition 1. Let A = {)\;}$° be a monotone nondecreasing sequence of positive
numbers such that
oo
DNt =
1

and let Y denote the class of such sequences. A real function f defined on an
interval [a, b] is said to be of A-bounded variation, f € ABV ([a,b]), if

~ |f ) " |f(B) — f

where Z denotes the class of collections of nonoverlapping intervals {1}, = [ag, Bk] C
[a,b], k=1,...,n}.
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Note that functions of A-bounded variation are bounded, have right and left
limits at every point, and so their discontinuities are at most countable [9].

Function classes, whose definitions depend on the boundedness of sums of the
absolute values of interval functions multiplied by weights from sequences such as
A, have come to be known as W-classes.

In [7} 10], Waterman proved the following generalization of the Dirichlet-Jordan
theorem.

Theorem A. If f is a 2r—periodic function, H = {n}{°, T = [-7,nw| and f €
HBV(T), then S[f], the Fourier series of f, converges at every point and, if I is
a closed interval of points of continuity, then S[f] converges uniformly on I. If
ABV \ HBV # (), then there is an f € ABV(T) such that S|f] diverges at a point.

A definition of ABV for two variables which has been used by Saakjan [5] and
Sablin [6] is as follows.

Definition 2. Let A € Y and let f be a measurable function on the rectangle
A =a,b] X [¢,d]. Then f € ABV(A) if and only if

(1) f(v C) € ABV([G, b]) and f(aa ) € ABV([Ca d])v and

(2) if Z; and Zy are the sets of finite collections of nonoverlapping intervals
I, = [ag, Bk] and I; = [y, ;] in [a, b] and [c, d] respectively and f (I x I;) =
flak,v5) = fla, 8;) — f(Brs i) + f(Bk, d5), then

. _ 1 (e x 1)]
VA(f,[wb])—;l’l%Zk:zj: Ak/\jj < 00

Remark 1. If A, = 1, or what is the same, \; = O(1), ABV(A) is the set of
functions of Hardy-Krause bounded variation on A.

It is clear that the functions of ABV(A) are bounded, but the question of conti-
nuity is more complicated than in the case of functions of one variable. Dyachenko
[3] has proved the following theorem.

Theorem B. The following conditions are equivalent:
(i) for any f € ABV(T?) there exist two at most countable subsets A and B of
T such that f is continuous at every point (z,y) € T?such that x ¢ A and y ¢ B;
(ii) for any f € ABV(T?) and any (zo,y0) € T?, lim f(z,y) ewists as (z,y) —
(z0,yo) in each of the open coordinate quadrants;

(iii) fA,;Q = 0.
1

(The third condition will be called Condition (x).)

Thus we see, for example, that the characteristic function of the triangle B =
{(z,y) € [0,1]%,0 <y < 1—=a} is in ABV([0,1]?) only if Condition (x) does not
hold.

If A does not satisfy (iii), the requirement of measurability cannot be omitted
from Definition 2, for if it were, ABV(A) would include functions not Lebesgue
measurable. Even under the assumption of measurability, we show in Section 2 that
ABV (A) contains an everywhere discontinuous function and, moreover, a function
f such that if g = f a.e., then g is a.e. discontinuous.
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We will consider the Pringsheim convergence of double Fourier series. If f €
L(T?) is 2m-periodic in each variable, then

ST = 3 e )
m,n
is its Fourier series, where

1 w
A = mn(f) = e /T2 f(z,y)e”metmy) dady,
The rectangular partial sums of this series are

Sxlfio = ¥ Y et

[k1| <Ny k2| <N
with N1, Ny > 0. If N; = Ns, these are called square sums. If
SNlNz(f;xay) — @ as min(NlaNQ) — 00,

we say that the Fourier series of f converges to «a at (x,y) in the Pringsheim sense.
A.A. Saakyan [5] has shown

Theorem C. If f € HBV(T?), then the rectangular partial sums of S[f] are
uniformly bounded, and, if for (zo,y0) € T? the limits of f(x,y)exist as (v,y) —
(z0,Y0) in each of the open coordinate quadrants, then S[f] converges (Pringsheim)
to the arithmetic mean of these limits.

This result has been generalized to higher dimensions by A.I. Sablin [6].

As we shall see in §2, an f € HBV (T?) need not have a point of continuity. For
such a function, Theorem C is inapplicable.

We shall define another W-class such that functions of this class are continuous
a.e., and prove that a theorem analogous to Theorem C holds for this class.

Definition 3. Let A € Y and let f be a real function on A = [a, b] X [¢, d]. We say
feANBV(A)if

(1) f(a C) € ABV([G, b]) and f(a7 ) € ABV([C7 d])
and, if T is the set of finite collections of nonoverlapping rectangles Ay = [ay, O] X
[k, k] € A and f(Ax) = f(ak,ve) — f(ok, 0k) — f(Br: k) + f(Bk, 0k), then

() Vi (f;4) =sup 3 Ll < oo,

r &

For f € A*BV(A) we set

(i) [[fllae = N la=ay = [F(as )l + VA(F (5 €)) + Valf(a, ) + VL (f; A).
Remark 2. Note that if f € A*BV(A), then

Va(f(y)sla, b)) S VR(f5 A) + Va(f (5 0); [a, b])
for every y € [c,d]. The analogous result holds for the A-variation of the restriction
of f to the vertical segments.

In §3 we shall prove

Theorem 1. Let A € Y and A = [a,b] X [¢,d]. Then, for any f € A*BV(A),
(i) there exist at most countable sets P C [a,b] and Q C [c,d] such that f is
continuous at every (x,y) € A such that x ¢ P and y ¢ Q; and

(ii) at every point (zo,yo) € A, ( lir(n f(z,y) exists in each open coordinate
z,Yy)—(Zo,Yo
quadrant.
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In that section we also discuss the relation between A*BV(A) and ABV (A).
In §4 we study the convergence of Fourier series of functions of class A*BV (A),
and prove

Theorem 2. Let f be a real function on R? which is 2m-periodic in each variable

and is in A* BV (T?) with A = {m} Then the rectangular partial sums of S|[f]

are uniformly bounded and converge at each point to the arithmetic mean of the
quadrant limits.

We also show that, in a certain sense, this result cannot be improved.

Theorem 3. Let A = {mﬁn} €Y, where &, T oo as n — oo. Then there

exists a function f € A*BV(T?) such that the square partial sums of its Fourier
series diverge unboundedly at (0,0).

2. DISCONTINUOUS FUNCTIONS IN WW-CLASSES

We shall require the following lemmas.

Lemma 1. Let A € Y be such that Condition (x) does not hold (i.e., > A\;.> < 00)
and let A = [a, b] x[c, d] be a nondegenerate interval. Suppose E C A has a connected
intersection with every horizontal and wvertical line. Then xg, the characteristic
function of E, is in ABV(A) and Va(xg;A) < C < oo, where C is an absolute
constant.

Proof. Let {I;:}T = {[ak,Bk]} in [a,b] and {J}T* = {[V+,dr]} in [e,d] be two col-

lections of nonoverlapping intervals. Then, for each kK = 1,2,...,n, in the sum
n m
S = ZZ |XE(Ik X Jr)| //\k)\m
k=1r=1

there are at most four different rj ; for which ‘XE(Ik X J,«k,j)‘ # 0, and in these
cases it is either 1 or 2. Let

S |
xe(ly X Jp, )| .
S. — L A2 K B =1,2,3,4.
J ; >\k>\rkd ) or g 9“5y

Then S = S; + S + S3 + Sy, and, as each j can be associated with at most four
Tk,j, we have

n

1 1 1 "1
Sj§2 5V SZE+ZF§5ZA—i<C<OO,
k=1 k=1"Tk k=1

k=1 Tk.j ¥

and, since the one-dimensional A-variation of g on the edges of A is at most
2/A1, Lemma 1 is established. O

Lemma 2. A = [a,b] X [¢,d] be a nondegenerate interval. There is a sequence of
closed rectangles {A; = I; x J;} in A with , N I; =0 and J; N J; =0 fori # j,
with

oo

SILI<(b—a)/4 and Y |Ji| < (d—c)/4,
i=1 =1
such that every neighborhood of each point of the following contains some A;:

B=A\ U((Ii x [e, d]) U ([a, b] x J3)).



CONVERGENCE OF DOUBLE FOURIER SERIES 401

Proof. Choose n1 = 1 and consider the rectangles

(b—a)k-1) (b—a)k (d=c)(r—1) (d—o)r
o 4T Tom }X[H o T Tom }

Ek,T,l = |:Cl +

where k,r=1,2... 2™,
Choose an integer ne > 2n; 4+ 3 and, for each choice of k and r,1 < k,r < 2™,
choose a rectangle

Ej vy =k 1, bkra] X [Chr1s dira]

(b=a)lx—=1)  (b—a)l (d—c)(sr—1) (d—c)sy
= {a—i— 2n2k , T k] X [c—f— e Nes o

:| - Ek,T,l

so that the projections of the chosen rectangles on the coordinate axes do not touch.
Clearly

on1 on1

b—a
Z (bk,r,l - ak,r,l) < and Z (dk,T,l - Ck,r,l) <

k,r=1 k,r=1

d—c
g

Next we consider the rectangles

b—a)k-1) (b—a)k (d—c)(r—1) (d—o)r
Ey o= {a + oma ,a+ 2 X e+ oma ,Cc+ 2 ,
where k and r are chosen, 1 < k,r < 2™2 so that
on1
Brran | (0kr1:brr1] X [e,d]) U ([, 8] X [er,r1, dira]) = 0.
k,r=1

We then choose an integer nz > 2no + 4 and, for each k and r,1 < k,r < 2™2,
just chosen, we choose a rectangle

E]’(;’T’Q = [ak,T,27 bk,T,Q] X [Ck,r,Q; dk,T,Q]
— -1 — — r—1 — )8y
(b—a)(lg ) ot (b a)lk] " [c—i— (d—c)(s ) o (d—c)s

- {a * 2n3 ’ 2ns 2ns ’ 2n3
C Eg o

so that the projections of the chosen rectangles on the coordinate axes do not touch.
Then

b—a d—c
Z(bk,r,2 = akr2) < 16 and Z(dk,r,2 — Chr2) < T
k,r k,r
Proceeding inductively, we can define Ellw,,j’ j=1,2,..., choosing n;11 > 2n; +
Jj + 2 at each step, and, renumbering the £} ,  as we wish, {4;} = {E} , ,} is the
required sequence of intervals. (I

We turn now to the principal results of this section.

Proposition 1. Suppose A € Y, A = [a,b] X [c,d] is a nondegenerate rectangle and
Condition (%) does not hold. Then there exists an f € ABV (A) which is everywhere
discontinuous.
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Proof. Let P and @ be the sets of rationals in [a, b] and [e, d] respectively. Divide
the rectangle A into four quarters by passing lines parallel to the axes through the
midpoints of the sides. In each of the rectangles A;, i = 1,2, 3,4, thus formed,
we select (p;,qi),pi € P,q; € Q, so that the {p;} and {¢;} are distinct. Now we
can quarter each A; and choose one point in each sixteenth not yet containing a
chosen point to form {(p;,q;)}i% pi € P,q; € Q, so that {p;}1¢ and {¢;}1® are
sets of distinct points. Proceeding inductively, we obtain a dense set of points
E = {(ps,¢;)} such that p; # p; and ¢; # ¢; when ¢ # j. Thus any line parallel to
an axis meets F in at most one point and, by Lemma 1, xg € ABV(A). 0

The function we have constructed in Proposition 1 is everywhere discontinuous
but is equivalent to the function identically equal to zero. The next result shows
that in a class ABV(A) in which Condition (x) does not hold there exist essentially
discontinuous functions.

Proposition 2. Suppose A € Y, A = [a,b] X [¢,d] is a nondegenerate rectangle and
Condition (%) does not hold. Then there is an f € ABV(A) such that g = f a.e.
implies that g is a.e. discontinuous.

Proof. Apply Lemma 2 to form the sequence {A;} and the set By = B. If F; = J 4;

1

and f1 = xr,, we see that Vi (f1) = C < oo, and we observe that |4\ B1| < |4] /2.

The set A \ By can be divided into rectangles {D;}$°; in the natural way. By

applying Lemma 2 to each of the rectangles D;, we obtain for each i a sequence
oo

{Ai;}52, C D; with similar properties. Let I2; = |J A;; and fa; = xp,,,0 =

7j=1
1,2,.... Note that Vi (f2,;) < C for every i. If A; ; = [a;;,bi ;] X [cij,dij], set

By = DN\ | (([ai,bij] % [e,d)) U ([a,0] X [eij,di ), i=1,2,... .
j=1
Let us replace i by the symbol 4;. At the third stage we obtain sets Bs ;, i,, and
as the induction proceeds we obtain sets B,.;,, .4, ,. Let

U= Bl U (U( U Br,h,..ﬁ}—l))?

=2 i1,..ip_1=1

then [ANU| = 0. We continue inductively to obtain functions f1,{f2 }foe1,- -,

{frivviv s J55 i =15 - - - » and we renumber these functions to form {h}32;. Now,
letting
o0
F=Y 3" m,
k=1

we have f € ABV(A).

Let g = f a.e. and let E be the set of points in A at which g and f are equal.
Clearly E is dense in A. We write w(f; (z,y); E) for the oscillation of f at (z,y)
over the set E and w(g; (z,y); A) for the oscillation of g at (z,y) over the set A.
Note that

w(g; (z,9); A) > w(f; (z,9); E).
Consider a point (z,y) € U. Then (z,y) is in some B, ;,, ., ,. If k is such that
hie = friv,.in_1, then w(hy; (z,y); E) = 1. Note that, since hj(A) = {0, 1}, for every
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(s,t) € A and every [, we have either
w(hy; (8,t); E) =0 or w(hy; (s,t); E) = 1.

Let
ko = ko(x,y) = min{l : w(hi; (z,y); E) = 1}.
Then
(o]
w(fs () B) 2377 — > 37 w(hy; (x,y); B) > 37F0 — Z 371 > 3Rt
I=ko+1 I=ko+1
implying that ¢ is discontinuous at (z,y). O

3. CONTINUITY PROPERTIES OF FUNCTIONS OF A*BV
We now turn our attention to the proof of Theorem 1.

Proof. Suppose there are infinitely many points (z;,y;) such that z; # x; and
y; # y; for ¢ # j, at which the oscillation of f exceeds 1/k, k a natural number.
For a natural number N we can find points (o, 5;) and (v;,6;), i = 1,2,..., N,
such that f(a,Bi) — f(vi,0;) > 1/k and the sequences ai,v1,a2,72,as,... and

01,901, B2, 02, B3, . .. are strictly monotone. We will assume them to be increasing;
the other cases are handled similarly.
We have

S, = Zlf ;,6;) — f(7:,05)]

7,

N
< Zl.f aza% ‘ (6751)” +Z|f(aiac))\_f(7i7c)| <

i=0 v

and, in a similar fashlon

Sy = Z |f 'Yuﬁz))\_ f (v, z))| < Hf| *

A -

(2

Thus

N F () x (81, 6)]
i

Va(f; A) >

i=0

Z'f azvﬁz - ('Yu z)l 5, — 5,
=0

Y

—_

|
> EZA_i_2||f|A*7
=0
which is false for NV sufficiently large. Thus all points at which f has an oscillation
greater than 1/k lie on a finite number of lines parallel to the axes, which establishes
the first part of the theorem.

To establish the second part of Theorem 1, we assume that there is a point p € A
such that f(z,y) does not have a limit as (z,y) — p within an open coordinate
quadrant with vertex p. Without loss of generality we may assume that p = (0,0)
and the quadrant is {(z,y) : > 0,y > 0}.
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Then there is an e > 0 such that, for every § > 0, in every square (0,8)? the
oscillation of f is greater than . Choose s,t > 0. Then, since f is in ABV in each
variable separately, lim, o f(s,y) and limg o f(x,t) exist. Choose § > 0 so that the
oscillations of f(s,y) and f(z,t) on 0 <y < and 0 < x < § respectively are less
than /8. Now choose points (x1,%1) and (z2,y2) in (0,8)? so that

|f(z1,91) = fz2,52)] > €/2.

Then, letting P = f(s,t)— f(s,y1)— f(z1,t)+ f(x1,91) and Q = f(s,t)— f(s,y2) —
f(an t) + f($2792)a we have

|P_Q| > |f($1vyl)—f($2;y2)|_|f($1at)—f(f€2at)|_|f(3;y1)—f(3ay2)

> ¢/2—¢/8—¢/8=¢/4,

so that at least one of |P| and |Q| exceeds £/8, and so we have obtained a rec-
tangle A; € (0,8)? for which |f(A1)| > &/8. By choosing our points (s,t), (x1,%1)
and (z2,y2) sufficiently close to the origin, we can repeat this process to obtain a

rectangle A, which does not overlap A; for which |f(Az)| > /8. Thus we can form
a sequence { A, }of nonoverlapping intervals in (0,8)? with |f(A,)| > /8. Then

Z‘f Z)\ — 00 as N — oo,

contradicting our assumption that f € A*BV(A), and completing the proof of
Theorem 1. O

It is natural to ask how the classes ABV and A*BV are related. This is by no
means obvious, although they are clearly the same if {\;} is bounded. There is no
loss of generality in assuming the rectangle A to be [0, 1]2.

Proposition 3. If A € Y is an unbounded sequence, then ABV \ A*BV # ().

&)
Proof. First we consider the case where > \; < oo and consider yz, where
1

E={(zy) €0,y <1-a}.
Lemma 1 implies that xg € ABV, but from Theorem 1 we have xyg ¢ A*BV.
Now assume that Condition (*) holds and A; — oo as i — co. We choose a; \, 0

so that o
/\Z =00 and Z

Let

1 1]2

= n ) h E, = PR
/ 2120‘ XEn, WHEE 5 21

The rectangles A, = [2/(4n + 1),1/2n]? are pairwise disjoint and |f(A,)| = an.
Hence

N
Z'f(;lz Z——>oo as N — oo,

i=1

implying f ¢ A*BV.
Clearly, f(-,0) and f(0,-) are in ABV([0.1]). Suppose {I;}¥ and {J;}} are col-
lections of nonoverlapping intervals in [0, 1]. For each I;, there are no more than
four values of j such that f(I; x J;) # 0. Let j(i) denote the smallest. Let k(%)
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be the smallest of the indices of E,, such that xg, (I; x J;) # 0 for some j. Then
|f(L; x J;)| < 20u,;). Also, each k can appear no more than twice as a k(i) and
each j can appear no more than twice as a j(¢). Thus

IfI xJ g o Q) :
S = <8 2o <8 :
Z Z )\i)\j(i) - (Z )\12 )

1,5=1 i=1

Nak( 2 N o,
22 <3Z_2

i=1 J( ) i=1

which is bounded above independently of N and the choice of {I;} and {J;}. Thus
f e ABV. O

Proposition 4. If A= [a,b] X [¢,d], 0 < a <1, and Ay = {n*}22,, then
A BV \ A,BV # 0.

Proof. We will assume once again the A = [0, 1]2. Let

n
E lX[k—l ﬁ)x[l—1 L)-

C will denote a constant, not necessarily the same at each occurrence, and C,, a
constant depending on . The number of terms in the sum defining f,, is not greater
than nln(n + 1), so for « € (0,1),

nln(n+1)

Vas (fn) <C Z % < Cy(nln(n+ 1))

r=1
Similarly,
Var(fn) £ Cln(n +1).
On the other hand, for a € (0,1),

n/k

o (fn) >cZka Z; > C, Zk )17 > Con' ™ In(n + 1),

and similarly,
Vi, (fa) 2 C(ln(n + 1)),
Thus, if

Zakfnk -1, - 1)

where the sequence of coefficients {az) and the increasing sequence of natural num-
bers {ny} are appropriately chosen, we will have

f€ALBV \ ALBV.

The general problem remains open.
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4. CONVERGENCE OF DOUBLE FOURIER SERIES
Theorem 2 follows immediately from Theorem C and the following lemma.

Lemma 3. Let A = {ﬁ};’f’:l,fl = la,b] X [e,d]. Then A*BV(A) C HBV(A).
Proof. Suppose f € A*BV (A). Obviously f(a,-) and f(-,c) arein HBV. Let {I;}¥,
and {J;}}L, be systems of nonoverlapping intervals in [a, b] and [c, d] respectively,
and let A; ; = |f(I; x J;)|. We enumerate the pairs (4, 5),7 € [1, N] and j € [1, M],
as follows: assign 1 to (1,1),and 2 and 3 to (1,2) and (2,1). Next we enumerate
the (4,7) such that ¢ - j = 3 in any order, and so on. Let u(i,j) denote the index
corresponding to (¢,7). For a given n, the number of (4,5) with p(i,5) > 1 and
i-j < mn is not greater than

n

Z % <nln(n+ 1),

i=1

implying that, for these pairs, u(i,j) < nln(n + 1), and so

nln(n + 1) <9

<
Auging) < In(nln(n+1)+1) —

Thus, if i - j = n, we have
Aij _ 286
g T Auig)
for all (,7). Thus

NN A
Y. T = < Vi (f),

i,j=1 ] i,j=1 w(i.9)

which establishes Lemma 3. O

Remark 3. It is easily seen that A*BV(A) is a Banach space with || f|
in Definition 3(iii), as norm.

Ax » @S given

We turn now to the proof of Theorem 3.

Proof. Let N be a positive integer and M = [N/2]. For positive integers m and n
such that m-n < M, let

Amn = |:

m(m—1) 7m m(n—1) mn
N+%’N+%>X[N+%’N+%)
and set
gN(J?, y) = Z (_1)m+nXAmn (J), y)
m-n<M
If A is a closed rectangle with sides parallel to the axes, then g, (A4) # 0 only when
AN A, contains exactly one vertex of A. Since the number of A,,,, is not greater
than M In(M + 1), we have

4AM In(M+1) In(r +1)
_ 2
Vi (gn) < ; — = o(In?(M + 1)),

and so
pe = o(n®(M + 1)) = iy In(M +1),

llgn|
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where ny = o(1) as N — oo, and, if
9N
hy = —s——,
N ny In?(M +1)
then {||hAn|[,-} is bounded.

If we now consider the square partial sums of the Fourier series of h,, at (0,0),
we have

1
2Sywlhn; (0,0)] = ——— —1m+"// Dy (s)Dn (t)dsdt
7 Swnlhn; (0,0)] WDQ(MH)m%;M( ™[], Dx(s)Dw(bds
2

nn In?(M + 1)72 m-n ~ oy In*(M +1)

m-n<M

as N — oo, C being an absolute constant. Applying the Banach-Steinhaus theo-
rem, we see that there must be an f € A*BV such that {Syn[f;(0,0)]} diverges
unboundedly. O
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